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CLASSIFICATION OF GENERALIZED KA¨HLER-RICCI SOLITONS ON
COMPLEX SURFACES
JEFFREY STREETS AND YURY USTINOVSKIY
Abstract. Using toric geometry we give an explicit construction of the compact steady
solitons for pluriclosed flow first constructed in [12]. This construction also reveals that these
solitons are generalized Ka¨hler in two distinct ways, with vanishing and nonvanishing Poisson
structure. This gives the first examples of generalized Ka¨hler structures with nonvanishing
Poisson structure on non-standard Hopf surfaces, completing the existence question for such
structures. Moreover this gives a complete answer to the existence question for generalized
Ka¨hler-Ricci solitons on compact complex surfaces. In the setting of generalized Ka¨hler
geometry with vanishing Poisson structure, we show that these solitons are unique. We
show that these solitons are global attractors for the generalized Ka¨hler-Ricci flow among
metrics with maximal symmetry.
1. Introduction
The pluriclosed flow is an extension of Ka¨hler-Ricci flow to the setting of complex, non-
Ka¨hler geometry [14]. Crucial to understanding the singularity formation is to first under-
stand the self-similar solutions, or solitons. For a pluriclosed structure (g, J), the steady
soliton equations can be expressed as
Rc−1
4
H2 +∇2f = 0,
1
2
d∗H + i 1
2
∇fH = 0,
(1.1)
where H = dcω is a closed three-form, H2ij = HipqH
pq
j , and f is a smooth function. A
surprising new feature of the pluriclosed flow is the existence of nontrivial compact steady
solitons, constructed by the first author [12], specifically on all diagonal Hopf surfaces. In
this paper we give a new construction of these solitons from the point of view of toric
geometry. While the construction in [12] reveals the Kaluza-Klein structure of these solitons,
our construction here from the toric geometry point of view is much more explicit, and as
such makes evident the connection to generalized Ka¨hler geometry, which we will detail
below.
Theorem 1.1. On every diagonal Hopf surface (M4, Iαβ) there exists a pluriclosed steady
soliton metric gαβ which is invariant under the maximal torus of biholomorphisms, and is
unique up to the 1-parameter family of automorphisms generated by the associated soliton
vector field. Furthermore, it is
(1) part of an odd generalized Ka¨hler triple (gαβ, Iαβ, J), where J is biholomorphic to Iαβ
(2) part of an even generalized Ka¨hler triple (gαβ, Iαβ, J), where J is biholomorphic to Iαβ.
(3) A global attractor for the odd-type generalized Ka¨hler-Ricci flow starting with invari-
ant initial data.
Date: July 10, 2019.
1
2 JEFFREY STREETS AND YURY USTINOVSKIY
Remark 1.2. It was not previously known if diagonal Hopf surfaces where |α| 6= |β| admitted
even-type generalized Ka¨hler structure. Our construction has exhibited such structures,
along with a canonical metric of this type.
Combining Theorem 1.1 with the rigidity results for solitons shown in [12] and further
structural results for generalized Ka¨hler surfaces, we obtain a complete answer to the exis-
tence question for generalized Ka¨hler steady solitons, and also the question of uniqueness
among odd-type generalized Ka¨hler structures.
Corollary 1.3. Let (M4, g, I, J) be a compact steady generalized Ka¨hler-Ricci soliton. Then
precisely one of the following holds:
(1) (M4, I) is Ka¨hler with c1(M) = 0, g is Calabi-Yau, and I = ±J .
(2) (M4, I) biholomorphic to a diagonal Hopf surface, specifically I = Iαβ, and J is
biholomorphic to Iαβ. In case the generalized Ka¨hler structure has odd type, the
metric g is an invariant soliton as constructed in Theorem 1.1.
Acknowledgements: The authors thank Vestislav Apostolov and Max Pontecorvo for
helpful conversations.
2. Toric construction of solitons
2.1. Biholomorphisms of Hopf surfaces. Let M be the diagonal Hopf surface with pa-
rameters α, β ∈ {z ∈ C | 0 < |z| < 1}, i.e.
(2.1) M = C2z1,z2\{(0, 0)}/Γ, Γ: (z1, z2) 7→ (αz1, βz2).
The action of the torus (C×)2z1,z2 on C
2 commutes with Γ and descends to the action of
G = (C×)2z1,z2/Γ ≃ T 3 × R on M . We use logarithmic coordinates wi = xi +
√−1yi on the
open dense set (C×)2, via
(2.2) exp : C2w1,w2 → (C×)2z1,z2, (w1, w2) 7→ (expw1, expw2).
A function or tensor descends to an (S1)2 invariant function or tensor on (C×)2/Γ ⊂ M
if and only if it is invariant under the action of vector fields ∂/∂y1, ∂/∂y2, as well as the
pull-back action of Γ:
(w1, w2) 7→ (w1 + logα,w2 + log β).
In order to construct an explicit family of invariant metrics, we enforce these conditions
even further, we will upgrade invariance under Γ to invariance under a vector field which
generates Γ. In particular, let
(2.3) Z = ℜ(logα)∂/∂x1 + ℜ(log β)∂/∂x2.
For simplicity we denote
a = ℜ(logα), b = ℜ(log β), Z = a∂/∂x1 + b∂/∂x2.
The time-one flow of the vector field Z generates the action of Γ modulo translation in
(y1, y2)-plane. The function ℜ(−bw1 + aw2) is invariant under Z, so making the linear
change of coordinates
u1 =
b
a
w1 − w2 = b
a
log z1 − log z2, u2 = w2 = log z2,
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invariance under the (S1)2 action and Z is equivalent to the invariance with respect to the
translations in ℑ(u1), ℑ(u2), ℜ(u2). In what follows tensors and functions invariant under
these 3 vector fields are referred to as invariant.
2.2. Invariant metrics. Up to multiplication by a positive constant, in the coordinates
(u1, u2), any Hermitian invariant metric is given by
(2.4) g(u1,u2) =
[
k n +
√−1m
n−√−1m p
]
,
where the real-valued functions k(x), n(x), m(x), p(x) are evaluated at x = 2ℜ(u1) = u1+u1.
Lemma 2.1. Let g be a Hermitian metric on a compact complex surface M . Assume that g
admits a non-zero holomorphic Killing vector field X ∈ Γ(M,T 1,0M). Then g is pluriclosed
if and only if g(X,X) is constant.
Proof. Choose local coordinates (z1, z2) on M such that X =
∂
∂z1
. The fundamental form ωg
is written as
ωg =
√−1(Fdz1 ∧ dz1 +Gdz1 ∧ dz2 +Gdz2 ∧ dz1 +Hdz2 ∧ dz2)
for some complex-valued functions F,G,H . Since ∂
∂z1
is a Killing vector field, F,G,H depend
only on z2 and z2, therefore
∂∂ωg = −
√−1Fz2z2dz1 ∧ dz1 ∧ dz2 ∧ dz2.
Hence, ωg is pluriclosed if and only if the function g(X,X) = F is pluriharmonic. On a
compact surface the latter is equivalent to F being a constant. 
Lemma 2.1 implies that an invariant metric as in (2.4) is pluriclosed if and only if p ≡
const > 0. Since we only deal with pluriclosed metrics, up to an overall scaling we can
assume that p ≡ 1, which we will do henceforth. Switching back to (z1, z2) coordinates, we
have
(2.5) g(z1,z2) =


b2
a2
· k|z1|2
b
a
· − k + n−
√−1m
z1z2
b
a
· − k + n+
√−1m
z2z1
k − 2n+ 1
|z2|2

 .
Since we want to extend g(z1,z2) from the open part (C
×)2 to the whole C2\{(0, 0)}, the
functions k(x), n(x), m(x) have to satisfy necessary asymptotic conditions. Deriving the
precise sufficient conditions is tedious and ultimately unnecessary in this generality, and
instead we will show that the specific solitons we construct in this ansatz extend directly.
Proposition 2.2. If a pluriclosed metric as in (2.5) extends to a smooth Hermitian metric
on C2\{(0, 0)} then k(x), n(x), m(x) satisfy the following asymptotics (in each identity C
denotes a generic constant):
(1) as x→ +∞:
(a) k(x)− 2n(x) + 1 = C exp(−x) + o(exp(−x)), where C > 0,
(b) log(k(x)− 2n(x) + 1)′ = −1 +O(exp(−x
2
)),
(c) k(x)− n(x) = O(exp(−x
2
)),
(d) m(x) = O(exp(−x
2
)).
(2) as x→ −∞
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(a) k(x) = C exp(a
b
x) + o(exp(a
b
x)), where C > 0,
(b) log(k(x))′ = a
b
+O(exp( a
2b
x)),
(c) k(x)− n(x) = O(exp( a
2b
x)),
(d) m(x) = O(exp( a
2b
x)).
Proof. We give the elementary proof of (2a) and (2b), the remaining cases being straightfor-
ward exercises. The metric g(z1,z2) defined by formula (2.5) extends to a smooth metric on
C2\{(0, 0)} if and only if each of the functions
k
|z1|2 ,
n− k +√−1m
z1z2
,
k − 2n+ 1
|z2|2 ,
smoothly extends across
{z1 = 0, z2 6= 0} ∪ {z1 6= 0, z2 = 0} ⊂ C2\{(0, 0)}.
Denote r1 = |z1|, r2 = |z2|, and let us deduce asymptotic (2a) by examining extension of
k/|z1|2 to {z1 = 0, z2 6= 0}. A necessary condition for a smooth extension is that for any
r2 6= 0 there exists a positive finite limit:
lim
r1→0
k
( b
a
log r21 − log r22
)
r21
.
(2.6)
This limit exists and positive for every r2 6= 0 if and only if the limit
lim
r1→0
k
( b
a
log r21 − log r22
)
exp
(a
b
· ( b
a
log r21 − log r22)
) = limx→−∞ k(x)exp(a
b
x)
exists and positive. This is equivalent to (2a).
To prove (2b) we observe that
d
dr1
log
(
k
( b
a
log r21 − log r22
)
/r21
)
=
2
r1
(
b
a
(log k)′x − 1
)
has to have finite limit for any r2 6= 0 as r1 → 0. This limit exists if and only if
(log k)′x − ab
exp( a
2b
x)
has finite limit as x→ −∞. This proves (2b). 
2.3. Construction of solitons.
Definition 2.3. We say that a pluriclosed structure (M2n, g, I) is a steady soliton if there
exists a holomorphic vector field X such that
(ρ1,1B )I = LXω,(2.7)
where ∇B = ∇LC + 1
2
g−1dcω is the associated Bismut connection, defining a representative
of c1 denoted ρB. For more background on this condition and its equivalence to (1.1) we
refer the reader to [12]. We note that in ([12] §3) an argument was provided in the case of
complex surfaces why the vector field X must a priori be holomorphic, but in fact this follows
directly from examining the equation (2.7) and its exterior derivative, in any dimension.
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Lemma 2.4. Given an invariant pluriclosed metric as in (2.4), one has
(ρ1,1B )(u1,u2) = −

 (k′V )′
(
n′+
√−1m′
V
)′
(
n′−√−1m′
V
)′
0

 ,(2.8)
where
V = det g(u1,u2) = k − n2 −m2.
Proof. We will use the following identity:
ρ1,1B = ρC − ∂∂∗ω − ∂∂∗ω = −∂
(√−1
2
∂ log V + ∂∗ω
)
− ∂
(
−
√−1
2
∂ log V + ∂∗ω
)
,
where ρC = −
√−1∂∂ log V is the Chern-Ricci form. For ∂∗ω we have a general formula
(∂∗ω)j =
√−1gmn(∂ngmj − ∂jgmn).
Now, using that V and all the entries of g(u1,u2), g
−1
(u1,u2)
= 1
V
[
1 −n−√1m
−n +√−1m k
]
depend only on u1 + u1, we find
√−1
2
∂ log V + ∂∗ω =
√−1
(
V ′
2V
du1 +
n′ +
√−1m′
V
du2 +
(n′ +
√−1m′)(n−√−1m)
V
du1
)
=
√−1
(
k′
2V
du1 +
n′ +
√−1m′
V
du2
)
+
n′m−m′n
V
du1.
(2.9)
Similarly,
(2.10) −
√−1
2
∂ log V + ∂∗ω = −√−1
(
k′
2V
du1 +
n′ −√−1m′
V
du2
)
+
n′m−m′n
V
du1.
Since all the coefficients of the forms in (2.9) and (2.10) again depend only on u1 + u1, we
directly verify that
ρ1,1B = −∂
(√−1
2
∂ log V + ∂∗ω
)
− ∂
(
−
√−1
2
∂ log V + ∂∗ω
)
is given by (2.8). 
Proposition 2.5. Let (M4, Iαβ) be a diagonal Hopf surface. There exists a pluriclosed steady
soliton ωαβ on (M
4, Iαβ) given by
ωαβ =
√−1
(
b2
a2
k
|z1|2
dz1 ∧ dz1 + 1− k|z2|2
dz2 ∧ dz2
)
,(2.11)
where k = k(x), x = b
a
log |z1|2 − log |z2|2 is a solution of the ODE
k′ = k(1− k)
((
1− a
b
)
k +
a
b
)
.
Proof. Let (u1, u2) be the coordinates which we have constructed above. The automorphism
group of a generic Hopf surface has real dimension 4 with infinitesimal action generated by
ℜ(u1), ℑ(u1), ℜ(u2), ℑ(u2) [9]. Since our metrics are invariant under translations in ℑ(u1),
6 JEFFREY STREETS AND YURY USTINOVSKIY
ℑ(u2), ℜ(u2), it is natural to look for a soliton with the drift vector field of the form µY ,
where Y = ∂ℜ(u1), µ ∈ R:
ρ1,1B = µLY g(u1,u2).
By an elementary computation of LY g(u1,u2) together with Lemma 2.4 we reduce soliton
equation to the system of equations
(2.12)


(
k′
V
)′
= µk′(
m′
V
)′
= µm′(
n′
V
)′
= µn′
Integrating each equation once, we obtain
(2.13)


V =
k′
µk + ck
V =
m′
µm+ cm
V =
n′
µn+ cn
Comparing the right hand sides of these equations, we conclude that m and n are affine
functions of k, i.e., m = amk+ bm, and n = ank+ bn. Since V = k−n2−m2 is positive, and
using the asymptotics of k as x→ −∞ from Proposition 2.2, we conclude that bn = bm = 0,
i.e., the functions k,m, n are proportional to each other. In this case, the off-diagonal
elements of g(z1,z2) have the correct asymptotic as x→ −∞ iff they vanish, i.e., we have
k = n, m = 0.
Thus we are reduced to solving a single ODE for k:
(2.14) k′ = k(1− k)(µk + ck).
To identify constants µ and ck, we further analyze behavior of k(x) as x → ±∞. By
Proposition 2.2 (2b) we know that
k′
k
− a
b
→ 0 as x→ −∞,
while at the same time
(1− k)(µk + ck)→ ck as x→ −∞,
so ck =
a
b
. Similarly considering behavior at +∞ we find µ+ ck = 1.
(2.15) ck = a/b, µ = 1− a/b.
If a = b, then M is a Hopf surface with |α| = |β|, µ = 0 (i.e., g is a stationary metric). In
this case k(x) = 1/(1 + Ce−x), C > 0, and g is equivalent to the round metric gEucl/|z|2 via
an automorphism of (M, I).
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From now on assume a 6= b. By separation of variables, the ODE (2.14) is thus equiva-
lent to
x+ const =
b
a− b
∫
1
k(k − 1)(k − a
a−b)
dk.
Computing the integral, we conclude that
(2.16) x+ const = − log(1− k) + log
( a
a− b − k
)a− b
a
+
b
a
log k.
The function x(k) monotonically increases on (0, 1) from −∞ to +∞, so (2.16) yields a well-
defined function k(x) : R → (0, 1). The corresponding metric in the original z coordinates
is
(2.17) g(z1,z2) =


b2
a2
· k|z1|2 0
0
1− k
|z2|2

 .
It remains to check that the metric defined by k(x) on (C∗)2(z1,z2) extends to the whole
C2\{(0, 0)}. Indeed, in the neighbourhood of a point (z1, 0) with |z1| 6= 0 we have
r22 = r
2b
a
1 (1− k)
(
a
a− b − k
)− a−b
a
k−
b
a , r1 = |z1|, r2 = |z2|,
and r2 is a smooth function of (r1, k) in the neighbourhood of (r1, 1). Hence the implicitly
defined function k extends to a smooth function of r1, r2 in the neighbourhood of (r1, 0). This
ensures that (g(z1,z2))22 extends across z2 = 0. Similarly, (g(z1,z2))11 extends across z1 = 0.
Finally, we note that the choice of the constant of integration in (2.16) corresponds to the
choice of the time slice of the corresponding pluriclosed soliton. 
3. Compatible generalized Ka¨hler structures
We recall that a generalized Ka¨hler manifold (M2n, g, I, J) consists of a Riemannian metric
compatible with two integrable complex structures I and J , such that furthermore
dcIωI = H = −dcJωJ , dH = 0.
For more background on these structures consult [6]. The pluriclosed flow preserves gen-
eralized Ka¨hler geometry [15], and thus it is natural to expect that the solitons we have
constructed should also be global attractors for the generalized Ka¨hler-Ricci flow, and hence
should be generalized Ka¨hler structures. We confirm this in this section.
Definition 3.1. We say that a generalized Ka¨hler structure (M2n, g, I, J) is a steady gener-
alized Ka¨hler-Ricci soliton if there exists a vector field X , holomorphic with respect to both
I and J , such that
(ρ1,1B )I = LXωI .
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3.1. Odd-type generalized Ka¨hler structure. In four dimensions, odd-type generalized
Ka¨hler structure (cf [6]) consists of a generalized Ka¨hler triple triple (g, I, J) such that
[I, J ] = 0, and I 6= ±J , and corresponds precisely to the case of generalized Ka¨hler for which
I and J induce opposite orientations. Such structures in general yield holomorphic splittings
of the tangent bundle according to the eigenspaces of Π = IJ ([2] Theorem 4). Furthermore,
Apostolov-Gualtieri classified such structures on compact complex surfaces ([2] Theorem 1),
and among Hopf surfaces these exist precisely on a certain subclass of diagonal Hopf surfaces,
and all are finitely covered by a primary diagonal Hopf surface. For these examples the pair
of complex structures are determined by the standard complex structure on C2 together
with the complex structure where the orientation of the z2-plane is reversed. These both
which descend to every quotient diagonal Hopf surface, and we refer to the them as Iαβ , Jαβ.
Incidentally, using the map (z1, z2)→ (z1, z2) it follows that Jαβ is biholomorphic to Iαβ. As
explained in ([2] pg. 18), any metric compatible with commuting complex structures I and
J which is pluriclosed with respect to I is automatically generalized Ka¨hler. By inspecting
formula (2.17), the solitons are manifestly compatible with both complex structures, and by
construction are also pluriclosed, hence (gαβ, Iαβ, Iαβ) forms a generalized Ka¨hler triple, as
claimed.
3.2. Even-type generalized Ka¨hler structure. In four dimensions, even type generalized
Ka¨hler structure is equivalent to asking that I and J induce the same orientation. In this
setting a key role is played by the set
T = {p ∈M | I(p) = ±J(p)}.
As shown in ([1, 10]), T is the support of a common effective divisor in each complex surface.
Furthermore, ifM has odd first Betti number, then T is disconnected, and the minimal model
of M must be either a diagonal Hopf surface, or a parabolic or hyperbolic Inoue surface ([5]
Proposition 4.7, cf. [1]). Observe that it follows from this fact that even-type generalized
Ka¨hler structure on primary diagonal Hopf surfaces must have the two complex structures
biholomorphic to Iαβ and Iαβ for some α, β. This is because T must consist of the two elliptic
curves, and the two complex structures must induce the same orientation on one curve (the
component of T where I = J) and the opposite orientation on the other (the component of
T where I = −J) (cf. [1] Proposition 4).
Constructions of generalized Ka¨hler structures exist on some parabolic Inoue surfaces ([8],
[4]), and in fact on all hyperbolic Inoue surfaces ([4]). Despite these intricate constructions,
in the relatively simpler case of Hopf surfaces, the only known examples are on the standard
Hopf surfaces satisfying α = β ([7] Example 2.23). Below we show that our solitons are
in fact compatible with an even-type generalized Ka¨hler structure, thus completing the
existence question for generalized Ka¨hler structure on Class VII0 surfaces. The question of
the topology of the space of such structures on Hopf surfaces remains open.
Proposition 3.2. Given (M4, Iαβ) a diagonal Hopf surface, any metric of the form
(3.1) g(z1,z2) =


b2
a2
· k|z1|2 0
0
1− k
|z2|2


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is a part of an even-type generalized Ka¨hler triple (g, Iαβ, J), where J is biholomorphic to
Iαβ. In particular, if gαβ denotes the metric associated to the Ka¨hler form ωαβ from Propo-
sition 2.5 then (gαβ, Iαβ, J) is a generalized Ka¨hler-Ricci soliton.
Proof. Let us first exhibit the second complex structure J with which g is compatible. We
use the logarithmic coordinates w defined in §2.1 to define the complex structure via a
holomorphic volume form defined on an open dense subset. For instance, the complex
structure Iαβ is the complex structure for which the form
Ω− = dw1 ∧ dw2
is of type (2, 0). Likewise, let J denote the unique complex structure for which
Ω+ = (dw1 − a
b
dw2) ∧
( b
a
kdw1 + (1− k)dw2
)
=: φ1 ∧ φ2(3.2)
is of type (2, 0). This is integrable since the sub-bundle of Λ1
C
(M) spanned by φ1 and φ2 is
Frobenius-involutive:
dφi ∧ φ1 ∧ φ2 = 0, 1 ≤ i ≤ 2.
Furthermore, gαβ is Hermitian with respect to J since direct computation shows that
gαβ(φi, φj) = 0, 1 ≤ i, j ≤ 2.
Further direct computation shows that Ω± have the same real parts, and that
−pi1,1IαβℑΩ+ =
√−1
(
b
a
kdw1 ∧ dw1 + a
b
(1− k)dw2 ∧ dw2
)
.
Comparing against (2.5), we see that the right hand side is a constant multiple of the ωαβ,
expressed in w coordinates, and is in particular positive definite. Thus, according to a well-
known description of generalized Ka¨hler metrics due to Joyce (cf. for instance [3] Lemma
2.14), the triple (g, Iαβ, J) defines a generalized Ka¨hler structure on an open dense subset.
By construction the metric extends smoothly to the two elliptic curves. An inspection of
(3.2) shows that J also extends smoothly to the two elliptic curves, and that the induced
orientation on the curve z2 = 0 agrees with that induced by Iαβ , whereas the induced
orientation on the curve z1 = 0 is opposite that induced by Iαβ. As the biholomorphism
type of a complex structure on a Hopf surface is determined by the periods of the elliptic
curves, it follows that J is biholomorphic to Iαβ . 
4. Pluriclosed flow of invariant metrics
In this section we prove that generalized Ka¨hler-Ricci flow with invariant initial data
converges to the pluriclosed soliton. We then collect the proof of Theorem 1.1 from this and
the results above.
Proposition 4.1. Let (M4, Iαβ) be a diagonal Hopf surface, and suppose g is an invariant
pluriclosed metric of the form
(4.1) g(z1,z2) =


b2
a2
· k|z1|2 0
0
1− k
|z2|2

 .
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The solution ωt to pluriclosed flow with this initial data remains invariant, exists for [0,∞),
and converges in C∞ to ωαβ, the unique invariant soliton of Proposition 2.5.
Proof. Let k0(x) : R → (0, 1) by any smooth function such that (4.1) defines a smooth
metric on Hopf surface M . Denote by κ(x) the function corresponding to the soliton metric
of Proposition 2.5 characterized by ODE
κ
′
x = κ(1− κ)
(
b− a
b
κ +
a
b
)
.
Let g(t) be the solution to the pluriclosed flow on the maximal time interval [0, Tmax) and
denote by k = k(x, t) the corresponding solution to:
(4.2)

k
′
t =
(
k′x
k(1−k)
)′
x
k(x, 0) = k0(x)
on Rx× [0, Tmax)t. As the pluriclosed flow preserves invariance under Killing fields it follows
that the metric g(t) is described by the ansatz (4.1), where k is determined by (4.2).
Lemma 4.2. There exists a constant C > 0 such that for any t ∈ [0, Tmax)
κ(x− C) < k(x− µt, t) < κ(x+ C),
where µ = b−a
b
.
Proof. The asymptotics of κ and k(x, 0) as x→ ±∞ imply that for some constant C > 0
κ(x− C) < k(x, 0) < κ(x+ C).
We will prove that the same constant C works for any t > 0.
Let
s(x, t) := κ−1(k(x− µt, t)).
Then the statement of the lemma is equivalent to the bound |s(x, t)−x| < C on Rx×[0, Tmax).
Let us derive the evolution equation for s(x, t). We directly compute using the differential
equations satisfied by k(x) and κ(s):
s′x =
1
κ′s
k′x
s′t =
1
κ′s
(k′t − µk′x) =
1
κ′s
(( k′x
k(1− k)
)′
x
− µk′x
)
=
1
κ′s
((s′x(µk + a/b))
′
x − µk′x)
=
s′′x
k(1− k) + µ(s
′
x)
2 − µs′x.
(4.3)
Therefore the function Φ(x, t) := s(x, t)− x satisfies
(4.4) Φ′t =
Φ′′x
k(1− k) + µΦ
′
x(Φ
′
x + 1).
To obtain an upper bound on |Φ(x, t)| it remains to prove that equation (4.4) for a function on
a non-compact domain satisfies a parabolic maximum principle. Equation (4.4) is equivalent
to an equation
Φ′t = ∆
CΦ+ µ∇YΦ(∇YΦ− 1)
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for Φ(x, t), x = b
a
log |z1|2 − log |z2|2 on (C∗)2(z1,z2) × [0, Tmax), where ∇ is the Chern con-
nection, ∆C = gij∇i∇j is the Chern Laplacian, and µY is the soliton vector field. Fur-
thermore, smooth dependence of g(t) on t and asymptotics of k(x, t) and κ(x) at ±∞
ensure that Φ(x, t), x = b
a
log |z1|2 − log |z2|2 on (C∗)2(z1,z2) × [0, Tmax) extends to a C2 func-
tion on (C2\{(0, 0)}) × [0, Tmax). Thus Φ(x, t), x = ba log |z1|2 − log |z2|2 solves a para-
bolic PDE on (C2\{(0, 0)}) and being invariant descends to a PDE on the Hopf surface
M = (C2\{(0, 0)})/Γ. Hence we can apply standard parabolic maximum principle and
conclude that
−C < Φ(x, t) < C
on Rx × [0, Tmax). This proves the lemma. 
Lemma 4.2 implies that, after pulling back by the appropriate time-dependent translation
in the x variable, the function k has uniform bounds relative to κ, which easily implies that
the resulting metrics g(t) are uniformly equivalent to the soliton metric. Also one can obtain
a torsion potential along the flow, which is given by
β = (k(x, t)− κ(x))du1 ∧ du2 ∈ Λ2,0, x = u1 + u1
in (u1, u2) coordinates, and extends smoothly to the whole Hopf surface. This torsion po-
tential is characterized by the identity
∂β = ∂ωt − ∂ωαβ .
From the uniform bound on k it follows that β is also uniformly bounded. It then follows
from the general regularity results for pluriclosed flow (cf. [11] Theorem 1.7, Proposition
5.13) that the metric g(t) has uniform C∞ bounds for all time. Using the gradient flow
property of pluriclosed flow ([16]), a standard argument shows that any sequence contains a
subsequence which converges to a steady soliton, which by uniqueness within the symmetry
class must be ωαβ. The result follows. 
Proof of Theorem 1.1. The claimed existence was shown in Proposition 2.5. The compatible
odd and even type generalized Ka¨hler structures are constructed in §3. It follows from the
discussion of odd-type generalized Ka¨hler structures in §3.1 that any invariant metric as
described in (2.5) is in fact of the form (4.1). Thus the global existence and convergence of
generalized Ka¨hler-Ricci flow with this initial data is shown in Proposition 4.1. 
5. Uniqueness for odd-type generalized Ka¨hler-Ricci solitons
To address the uniqueness question in the odd-type generalized Ka¨hler setting, we first
introduce a certain cohomology space associated to generalized Ka¨hler geometry in the case
[I, J ] = 0. Let (M2n, g, I, J) be a generalized Ka¨hler manifold with [I, J ] = 0, and let Π = IJ
as above. Given φI ∈ Λ1,1I,R, let
φJ = −φI(Π·, ·) ∈ Λ1,1J,R.
We will say that φI is formally generalized Ka¨hler if
dcIφI = − dcJφJ ,
ddcIφI = 0.
These are precisely the conditions satisfied by the Ka¨hler form ωI associated to a generalized
Ka¨hler metric, ignoring positivity.
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As the ±1-eigenspace splitting for Π is holomorphic, we obtain a fourfold splitting of the
d operator as
d = ∂+ + ∂+ + ∂− + ∂−.
A key point is that for a smooth function f , the tensor
f :=
√−1 (∂+∂+ − ∂−∂−) f(5.1)
is formally generalized Ka¨hler. Using these facts we can define cohomology classes for for-
mally generalized Ka¨hler structures.
Definition 5.1. Let (M2n, g, I, J) be a generalized Ka¨hler manifold such that [I, J ] = 0.
Let
H :=
{
φI ∈ Λ1,1I,R | φI is formally generalized Ka¨hler
}
{√−1 (∂+∂+ − ∂−∂−) f | f ∈ C∞(M,R)} .
Given φ formally generalized Ka¨hler we denote its cohomology class in H by [φ].
In analogy with the Calabi-Yau theorem we can only expect uniqueness of our solitons
to hold within a fixed cohomology class, and moreover with respect to a fixed choice of
holomorphic vector field. The next proposition establishes this fact in broad generality.
Proposition 5.2. Let (M2n, gi, I, J), i = 1, 2 be generalized Ka¨hler-Ricci solitons with re-
spect to a vector field X, and further assume [I, J ] = 0 and [ωI1] = [ω
I
2 ]. Then ω
I
1 = ω
I
2.
Proof. Since [ωI1] = [ω
I
2] there exists a smooth function u ∈ C∞(M) such that
ωI2 = ω
I
1 +u.
As both ωIi satisfy ρ
1,1
B (ω
I
i ) = LXω
I
i , we directly obtain using the transgression formula for
ρ1,1B for generalized Ka¨hler structures (cf. [13] Proposition 3.2),
0 = ρ1,1B (ω
I
2)− ρ1,1B (ωI1)− LX
(
ωI2 − ωI2
)
= − log (ω
I
2)
k
+ ∧ (ωI1)l−
(ωI1)
k
+ ∧ (ωI2)l−
− LXu.
To simplify notation we set ω = ωI1, ωu = ω
I
1 +u. Since the vector field X is holomorphic
with respect to both I and J , it follows that LX commutes with I, J , and hence the projection
operator Q. It follows that LX commutes with , and thus, plugging this fact in above we
obtain
0 = 
(
log
(ωI2)
k
+ ∧ (ωI1)l−
(ωI1)
k
+ ∧ (ωI2)l−
+Xu
)
.
We note that for functions f satisfying f = 0 it follows that
0 =
(
trω+ − trω−
)
f = trω+
√−1∂+∂+f + trω−
√−1∂−∂−f = ∆f,
where ∆ denotes the Laplacian with respect to the Chern connection of ω. By the maximum
principle we conclude that the function f must be constant. Hence there is a constant c such
that
log
(ωI2)
k
+ ∧ (ωI1)l−
(ωI1)
k
+ ∧ (ωI2)l−
+Xu+ c = 0.
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We assume that c ≥ 0, the case c ≤ 0 being analogous. In this case, rearranging the above
equation will yield(
eXu − 1) (ωk+ ∧ (ωu)l−)
≥ (ωu)k+ ∧ ωl− − ωk+ ∧ (ωu)l−
=
√−1∂+∂+u ∧
(k−1∑
j=0
(ωu)
j
+ ∧ ωk−1−j+
)
∧ ωl− +
√−1∂−∂−u ∧ ωk+ ∧
( l−1∑
j=0
(ωu)
j
− ∧ ωl−1−j−
)
.
Dividing this inequality by the background volume form ωk+ ∧ ωl− shows that u satisfies
trω˜
√−1∂∂u+ (fX)u ≤ 0,
for some positive definite Hermitian metric ω˜ and smooth function f . The strong minimum
principle argument will yield that u must be constant. The case c ≤ 0 follows in a similar
way. 
To apply Proposition 5.2 and establish the uniqueness of odd-type generalized Ka¨hler-Ricci
solitons on Hopf surfaces we first compute the cohomology space H.
Lemma 5.3. Let (M4, g, Iαβ, Jαβ) be an odd-type generalized Ka¨hler structure on a diagonal
Hopf surface. Then dimRH = 2.
Proof. There is a natural surjective map
pr : H → H1,1
∂+∂
(M, I) :=
{
η ∈ Λ1,1I,R | ∂∂η = 0
}
{
∂γ + ∂γ | γ ∈ Λ1,0I
}
onto the real (1,1)-Aeppli cohomology of (M, I). This map is well defined, since the equiva-
lence relation of Definition 5.1 can be expressed as{
∂γ + ∂γ
∣∣ γ = √−1
2
(∂+ − ∂−)f
}
.
The space of real (1,1)-Aeppli cohomology is naturally dual to the space of real (1,1)-Bott-
Chern cohomology, and the latter is known to be one-dimensional, see [17]. Hence, it remains
to prove that ker(pr) has real dimension 1.
Let η = ∂γ + ∂γ be a form representing the zero class in H1,1
∂+∂
(M, I), where γ = udz1 +
vdz2. The form η is formally generalized Ka¨hler if and only if u = u(z1, z2, z1, z2) and
v = v(z1, z2, z1, z2) satisfy
(5.2)
∂
∂z2
u =
∂
∂z1
v.
Given γ as above, we can define a form
γ∗ = udz1 + vdz2 ∈ Λ0,1J
which is ∂J -closed if and only if γ satisfies (5.2). In this case γ
∗ defines a class in the
Dolbeault cohomology group H0,1
∂
(M,J) ≃ C. Now we construct a specific generator of
H0,1
∂
(M,J).
Let Φ(z1, z2) be a function on C
2\{(0, 0)} defined by the identity
|z1|2Φ−
2a
a+b + |z2|2Φ−
2b
a+b = 1.
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See [18, §5] for the proof that this identity yields a well-defined smooth function. Function
Φ is automorphic under the action of the deck transformation, hence d log Φ is a well-defined
1-form on M ≃ S3 × S1 generating H1(M,R). This implies that
ν = ∂J log Φ,
can be taken as a generator of H0,1
∂
(M,J) ([17, Lemma2.3]). Therefore, the form γ∗ above
can be written as
γ∗ = (c+ d
√−1)∂J log Φ + ∂J(φ+
√−1ψ), c, d ∈ R; φ, ψ ∈ C∞(M,R).
Directly computing η = ∂γ + ∂γ in terms of γ∗, we find:
η = 2d log Φ + 2ψ.
Thus form η represents class 2d[ log Φ] in H. This proves that the kernel of the projection
pr is at most one-dimensional.
We claim that [ log Φ] 6= 0 in H. Indeed, denote ωI =
√−1(ω1dz1 ∧ dz1 + ω2dz2 ∧ dz2)
and let ω˜I :=
√−1(ω1dz1 ∧ dz1 − ω2dz2 ∧ dz2). Since ωI and ω˜I are diagonal, and ωI is
pluriclosed, we conclude that for any u ∈ C∞(M,R)∫
M
ω˜I ∧u =
∫
M
ωI ∧
√−1∂∂u =
∫
M
∂∂ωI
√−1u = 0.
On the other hand, by a direct computation (see [18, Lemma5.7]) form
√−1∂∂ log Φ is
nonzero and semipositive. Therefore∫
M
ω˜I ∧ log Φ =
∫
M
ωI ∧
√−1∂∂ log Φ > 0.
This proves that  log Φ is a nontrivial element in H. 
Proposition 5.4. Let (M4, g, Iαβ, Jαβ) be an odd-type generalized Ka¨hler-Ricci soliton on a
diagonal Hopf surface M with respect to a vector field X. Then
(1) g is T 3-invariant;
(2) after an appropriate rescaling of (g,X):
(a) g = φ∗t0gαβ, where gαβ is the invariant soliton constructed in Proposition 2.5,
and φt : M → M is the one-parameter family of diffeomorphisms generated by
Y = ∂ℜ(u1);
(b) X −XS is a Killing vector field, where XS = µY is the drift vector field of gαβ.
Proof. Let us first prove that the metric g is T 3-invariant. For any γ ∈ T 3 consider two
generalized Ka¨hler solitons:
(M, g, I, J), (M, γ∗g, I, J).
To apply Proposition 5.2 we need to check that:
(i) γ∗X = X ;
(ii) [ωI ] = [γ
∗ωI ] in H.
Using the description of the automorphism groups of primary Hopf surfaces [9], it is easy
to see that the automorphism group of (M, I, J) is G = (C∗)2z1,z2/Γ ≃ T 3 × R. Since the
vector field X is known to preserve both I and J , and G is commutative, we conclude that
γ∗X = X for any γ ∈ G. This proves (i).
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To prove (ii) we show that T 3 acts trivially on the cohomology space H ≃ R2. Indeed,
there is a proper, non-trivial positive cone in H:
H+ := {[ω] ∈ H |
∫
Ei
ω > 0},
where Ei = {zi = 0}, i = 1, 2 are the two elliptic curves in M . The group T 3 acts on H ≃ R2
preserving this positive cone H+ ⊂ H. Since it is a proper cone in a real two-dimensional
space by Lemma 5.3, the action must be trivial. Claim (ii) is proved. Having established (i)
and (ii) we are now ready to apply Proposition 5.2 to conclude that γ∗g = g. This proves
part (1) of the theorem.
To prove part (2) we observe that g, being T 3-invariant, (possibly after rescaling by C > 0)
must be of the form (2.5). Furthermore, the vector field X is in the Lie algebra of G ≃ T 3×R
and must be of the form XT +λY , where XT is a Killing vector field in the Lie algebra of T 3
and Y = ∂ℜ(u1) is the vector field introduced in the proof of Proposition 2.5. Construction
of Proposition 2.5 provides an invariant pluriclosed soliton with respect to vector fields
λY, λ ∈ R, and this soliton is unique up to a constant of integration. Different choices of
the constant result into shifts in x = u1 + u1 coordinate, which is equivalent to pulling back
the metric by a one-parameter family of diffeomorphisms φ∗t generated by Y . Therefore
g = φ∗t0gαβ for some t0. This proves (2). 
Proof of Corollary 1.3. Given (M4, g, I, J) a compact generalized Ka¨hler steady soliton, the
triple (M4, g, I) is a pluriclosed soliton, thus it follows from ([12] Theorem 1.1) that either
(M4, I) is Ka¨hler Calabi-Yau, or (M4, I) is biholomorphic to a minimal Hopf surface. As
discussed above, in either the even or odd-type case, the Hopf surface must be diagonal, and
the complex structure J is a priori biholomorphic to Iαβ, which is also easily checked by the
construction itself. The uniqueness claims in the odd-type case follow from Proposition 5.4.

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